Abstract. We show that, for a closed orientable n-manifold, with n not congruent to 3 modulo 4, the existence of a CR-regular embedding into complex (n − 1)-space ensures the existence of a totally real embedding into complex n-space. This implies that a closed orientable (4k + 1)-manifold with non-vanishing Kervaire semi-characteristic possesses no CR-regular embedding into complex 4k-space. We also pay special attention to the cases of CR-regular embeddings of spheres and of simply-connected 5-manifolds.
Introduction
Let f : M n → C q be a smooth immersion of a n-dimensional manifold into C q . Then we see that, for a point x ∈ M n and the standard complex structure J on C q ,
The point x is said to be CR-regular if the equality holds (and CR-singular otherwise) in the above inequality. A CR-regular point (resp. a CR-singular point) is called a RC-regular point (resp. a RC-singular point) in [19] . The immersion f is said to be a CR-regular immersion if it has no CR-singular point. A CR-regular immersion f : M n → C q is also called a generic immersion (e. g., see Jacobowitz and Landweber [15] ), and when n = q it has yet another name, a totally real immersion.
We will work in the smooth category; throughout the paper all manifolds and immersions are supposed to be differentiable of class C ∞ . Manifolds are further supposed to be connected.
The following is our main theorem. We will see later that the condition w 2 w n−2 [M n ] = 0 (vanishing de Rham invariant) above can be replaced withw 2wn−2 [M n ] = 0 (see Remark 3.4) . Furthermore, the normal bundle of an embedding of a closed orientable n-manifold into a Euclidean space necessarily has trivial Euler class (see [25, Corollary 11.4] Note that the converse of Corollary 1.2 does not hold in general (see Remark 3.8) .
The proof of Theorem 1.1 will be given in §3. We will discuss CR-regular immersions of simply-connected 5-manifolds into C 4 in §4, and CR-regular embeddings of spheres in more general codimensions in §5.
2. Background 2.1. Totally real embeddings. The problem of determining when a manifold admits a totally real immersion or embedding has been extensively studied by many authors including Gromov [11, 12, 13] , Forstnerič [10] and Audin [4] .
First, as for totally real immersions, the following theorem due to Gromov [11] and Lees [20] is fundamental. (see also [9] ). Theorem 2.1 (Gromov [11] and Lees [20] ). An n-manifold M n admits a totally real immersion into C n if and only if the complexified tangent bundle CT M n is trivial.
This is called the h-principle for totally real immersions. For totally real embeddings, Gromov [13] and Forstnerič [10] have proved the following h-principle. Theorem 2.2 (Gromov [13] and Forstnerič [10] ). Let M n be a closed orientable n-manifold with n ≥ 3. Then, M n admits a totally real embedding into C n if and only if it admits a totally real immersion into C n which is regularly homotopic to an embedding.
Using these h-principles, Audin [4] has given a necessary and sufficient condition for the existence of totally real embeddings. In order to state her results, we need the notion of semi-characteristic. Note that Audin [4] has given some partial results also in the case where n ≡ 3 mod 8.
2.2. CR-regular immersions and embeddings. CR-regular immersions and embeddings also have been studied by many authors from various viewpoints (see e. g., Cartan [6] , Tanaka [29, 30] , Wells [35, 36] , Lai [19] , Jacobowitz and Landweber [15] , Ho, Jacobowitz and Landweber [14] , Slapar [27] , Torres [33, 34] ). Our previous paper [16] sheds some new light on a relation between CR-singularity and differential topology.
In the recent paper [15] by Jacobowitz and Landweber the following generalisation of Gromov-Lees Theorem (Theorem 2.1) has been shown. Theorem 2.5 (Jacobowitz and Landweber [15] ). Let n < 2q. Then, an n-manifold M n admits a CR-regular immersion into C q if and only if the complexified tangent bundle CT M n splits as
where A is the trivial complex vector bundle of rank q, and B is a complex vector bundle of rank n − q with B ∩ B = {0}.
The "only if" part of Theorem 2.5 is straightforward: if M n admits a CR-regular immersion into C q then we can find inside T M n a suitable complex bundle of rank n − q, whose fibre at
(see the argument in the proof of Proposition 2.6). The converse is the essence of Theorem 2.5, which clarifies the condition for the existence of CR-regular immersions. The next goal is to write down the condition for the existence of CR-regular embeddings. In particular, the case of CRregular embeddings of n-manifolds M n into C n−1 , n ≥ 3, seems interesting and has been extensively studied in recent years.
When n = 3, each immersion or embedding of 3-manifolds in C 2 is CR-regular. When n = 4, Slapar [27] Proof. Suppose that there exists a CR-regular immersion of M n into C n−1 with normal bundle N. Then, in each T x M n , we can take such a complex line that is mapped onto
where L R is the underlying real bundle of L and M is the complementary bundle. Therefore we have
Since M and N, viewed in T C n−1 , should be mapped isomorphically onto each other via J, we see that M N, more precisely
Hence we have the bundle isomorphism
Therefore the complex line bundle L has trivial first Chern class c 1 (L) and hence is trivial. Now since N is assumed to be trivial,
Remark 2.7. Torres [33] has studied CR-regular immersions and embeddings of orientable 6-manifolds into C 4 . Another interesting aspect proved in [34] , based on Slapar [26] and Di Scala-Kasuya-Zuddas [7] , is that an almost-complex 2n-manifold M 2n admits a pseudoholomorphic embedding into R 2n+2 endowed with a suitable almost-complex structure if and only if it admits a CR-regular embedding into C n+1 .
3. The proof of Theorem 1.1 and discussion
We first prove the following observation. 
where L R is the underlying real bundle of L and M is isomorphic to N.
From the bundle isomorphism (1), we see that the complexified tangent bundle is described as
, which is trivial since L is trivial. Conversely, suppose that the complexified tangent bundle CT M n is trivial and M n has an oriented 2-plane field with trivial Euler class. Then the tangent bundle T M splits as
where P is a trivial 2-plane bundle and Q is its complementary bundle. Then, the complexified tangent bundle splits as
where ǫ is the trivial complex line bundle. Thus we see that the complex vector bundle ǫ ⊕ (Q ⊗ C) of rank n − 1 is stably trivial, and actually trivial by the dimensional reason [15, Lemma 1.2]. Therefore, by Theorem 2.5 (putting A = ǫ ⊕(Q⊗C)), M n admits a CR-regular immersion into C n−1 .
The problem of determining when an orientable manifold has an oriented 2-plane field has been solved due to Atiyah-Dupont [3] and a series of papers by Thomas (see [32] ). We recall here the following special case where the Euler class of the 2-plane bundle determined by the 2-plane field is trivial.
Theorem 3.2 (Atiyah-Dupont [3] and Thomas [32]). A closed orientable smooth nmanifold M n has an oriented 2-plane field with trivial Euler class if and only if either of the following holds: (a) n
By combining Proposition 3.1 with Theorem 3.2, we obtain Corollary 3.3 below. Compare it with Theorem 2.4 (Audin) . Note that if CT M n is trivial then all the Pontryagin classes of M n vanish and therefore we have σ(M n ) = 0. (1) in the proof of Proposition 3.1, we see that for a closed orientable n-manifold M n admitting a CR-regular immersion into C n−1 and each i,
Corollary 3.3. A closed orientable n-manifold M n admits a CR-regular immersion into
Hence the square of each Stiefel-Whitney class of M n vanishes. This is also seen from the triviality of CT M n T M ⊕ T M (see [4] ). Therefore, the condition on the Stiefel-Whitney number in Theorem 1.1 can be replaced with that on the normal Stiefel-Whitney number.
As mentioned in §1, we havew n−2 (M n ) = 0 for a closed orientable n-manifold M n embeddable in R 2n−2 , and hence Corollary 1.2 follows in view of Remark 3.4. As a consequence of Theorem 1.1 and Corollary 1.2 we have the following. 
then it has trivial Kervaire semi-characteristic (resp. trivial Euler characteristic).
Note that for n ≡ 0 mod 2 we will have the more general Corollary 5.2. Remark 3.6. Let M n be a closed orientable n-manifold M n which admits a CR-regular immersion into C n−1 . Then, we see from (1) that span M n ≥ 2, where span M n stands for the maximum number of everywhere linearly independent vector fields on M n .
Remark 3.7. Let M n be a closed orientable n-manifold and n > 4. When n is odd M n can be immersed in R 2n−2 ; when n is even M n can be be immersed in R 2n−2 if and only if
, see [24, Thoerem III]) and hencē w 2wn−2 [M n ] = 0. This is not the case where n ≡ 1 mod 4; e. g., the 5-dimensional Dold manifold P(1, 2) can be immersed in R 8 and has non-trivialw 2w3 . Note that P(1, 2) does not admit a CR-regular immersion into C 4 since its span equals 1 (see Remark 3.6). Barden [5] has proved that every closed simply-connected 5-manifold M 5 can be expressed as a connected sum of the manifolds listed in Table 1 ; more precisely, 
then does it admit a CRregular embedding into
C n−1 ? Y H 2 (Y; Z) w 2 w 3 [Y]χ Z/2Z (Y)χ R (Y) M k (k ≥ 2) Z/kZ ⊕ Z/kZ 0 1 1 M ∞ S 2 × S 3 Z 0 0 0 X −1 S U(3)/S O(3) Z/2Z 1 0 1 X 0 S 5 0 0 1 1 X j ( j ∈ N) Z/2 j Z ⊕ Z/2 j Z 0 1 1 X ∞ S 2× S 3 Z 0 0 0M 5 is dif- feomorphic to a connected sum M k 1 ♯ · · · ♯ M k l ♯ X m , where −1 ≤ m ≤ ∞, l ≥ 0, k 1 > 1,
Generic immersions of spheres
The basic ideas of the proofs of Propositions 2.6 and 3.1 are applicable for CR-regular immersions of spheres in more general codimensions.
We start with a very easy observation. 
where L R is the underlying real bundle of L and M is the complementary bundle. Furthermore we have
where M and N are isomorphic through J. Namely a section of N determines a section of M, that is, a vector field on M n . Let n + 1 = (2a + 1)2 b for non-negative integers a and b. As a result of (a), we may assume that n is odd, that is, b ≥ 1. Thus, the condition 4q ≥ 3n + 2 implies that . Therefore, by Proposition 5.1, the existence of a CR-regular embedding of S 4k+3 into C 2k+3 , k ≥ 1, would require S 4k+3 to have three linearly independent vector fields and hence vanishing real semi-characteristic by Atiyah's theorem (see [32, p. 108] ). This, however, is impossible.
Remark 5.5. It would be interesting to know whether there exists a CR-regular embedding of S n into C q for (n, q) outside the range of Theorem 5.3.
